Abstract. We show that Nil R is finitely generated only when it vanishes.
Bass and Murthy [2] gave the first examples of "nice" groups G such that Wh G is not finitely generated. Their examples result from calculating Nil R for certain rings R. (See [1, Chapter 12] for the basic facts about Nil R.) We show this is a general "pathology" for Nil R. Let R be any ring with unit 1.
Theorem. //Nil R ^ 0, then Nil R is not finitely generated.
Our proof is based on three lemmas which we now discuss. Let Proof of Theorem. We proceed by contradiction; i.e., assume Nil R is nonzero but finitely generated. Hence there is a prime p such that multiplication by p is a monomorphism of Nil R. In particular, Lemma 1 together with Lemma 2 imply that a*a: Nil R -> KxR[tn] is nonzero when n = p' for all /' > 0. But this contradicts Lemma 3 since we assumed Nil R is finitely generated.
Remarks. There are other Nil-type groups in algebraic K and L-theory. They arise geometrically when studying codimension-1 submanifolds. It seems plausible to conjecture the analogue of our Theorem for all these groups. All examples known to me of nonfinite generation for K and L functors applied to "nice" rings arise from these Nil-type groups. For other particular instances of this, see the following articles: [3] and [4] for UNil, [6] for Nil2, and [5] for Wh,( ; ). This phenomena is a major stumbling block to understanding nonsimply connected manifolds.
